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This paper presents an analysis of aircraft agility as an inverse simulation problem. The analytical
framework is based on the differential geometry of the trajectory and on the complete set of motion
equations for a rigid airframe. A local optimization method is adopted and the solution is obtained in
terms of the trajectory properties subjected to assigned constraints. Three applications are presented,
namely a rapid deceleration maneuver, a maximum performance turn, and a reverse turn. The results
show that the method is flexible enough to deal with the maximization of the agility components, for some
assigned characteristics of the trajectory, and to determine the control actions for maneuvers that are
usually proposed for evaluating the aircraft agility.

Nomenclature
A = agility vector
A, A, A, = agility components in Fp
a = acceleration vector
Fg = body-fixed frame
F = intrinsic frame
h = altitude
ki, ks = curvature and torsion
M, = test Mach number
Py = specific excess power
D, q, 71 = angular velocity components
R = position vector of the aircraft c.g.
S = cost function
s = curvilinear abscissa
t = time
t,n, b = tangential, normal, and binormal unit vectors
u = control vector
Vv = velocity modulus
V. = corner velocity
v = velocity vector
x = state vector
y = output vector
o = angle of attack
B = sideslip angle
v = flight-path angle
O = aileron angle
e = elevator angle
dx = rudder angle
dr = throttle position
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S, = actual power level
&, 6, ¢ = Euler angles
® = angular velocity vector

Introduction

ECENTLY, research activity has been carried out to eval-

uate the agility of high-performance aircraft and helicop-
ters, whereas, even as these investigations are rapidly expand-
ing, a commonly accepted definition of the appropriate metrics
of this important flight-quality parameter is still a matter of
debate. In Ref. 1 the proposed metrics to assess the agility of
fighter aircraft are classified according to the type of motion,
namely axial, longitudinal, and lateral metrics for translational,
pitching, and rolling motion, respectively, and the time scale.
To this aim the nonlinear simulation of an F-18 fighter model
is used. As far as the time scale is considered and regardless
of the motion variables involved, the simulation study shows
that a convenient classification of the agility metrics is based
on grouping them in two basic sets. The first set groups those
metrics that can be addressed as functional agility, whereas the
second set groups the transient agility metrics. Each group cor-
responds to a different time scale. In particular, the functional,
long-time-scale agility quantifies how well the aircraft executes
rapid rotations of the velocity vector. The time scale is about
20-30 s. Functional agility metrics are used in Ref. 2 to com-
pare the turning performances of different fighter aircraft mod-
els. To reduce the sensitivities of the computed metrics to pilot
input techniques and flight-control systems of different aircraft,
optimal test trajectories are determined where a global perfor-
mance index is minimized subject to path constraints.

The transient or inherent agility is, on the other hand, related
to short-time rotational motions and transition between ex-
treme specific power levels. In this case the time scale is about
1-3 s and the metrics of this second group are slightly influ-
enced by aspects such as a pilot’s skill and aircraft flying qual-
ities.

A rational concept of transient agility, defined as a property
that characterizes the time rate of change of the acceleration
state, was developed by Mazza.> By considerations from the
differential geometry, the components of the agility vector are
expressed in the intrinsic or Frenet reference system, in terms
of kinematic variables, i.e., arc length, curvature, and torsion
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and their time derivatives. The relationship between agility and
dynamic parameters is discussed in detail in Ref. 4, where the
agility components are formulated in terms of the forces and
their derivatives, and are also related to kinematic variables.
Because the agility depends on both the changes in force mag-
nitude and the rotation of the force vector, the attitude dynam-
ics of the aircraft is to be taken into consideration to determine
the angular rate of the maneuver plane, i.e., the plane spanned
by the velocity and acceleration vectors, and the control ac-
tions necessary to realize specified agility characteristics. In
the same framework, Burazanis et al.” focused on the use of
the Frenet system and the concept of a maneuver plane when
short-term agility features are dealt with. In that study a point-
mass dynamic model is introduced, which is extended by ad-
ditional states explicitly related to the maneuver plane, and
a flight optimization problem is formulated that emphasizes
agility.

A measure of the inherent agility of different helicopter
models by inverse simulation of standard trajectories is pre-
sented by Thomson.® We recall here that by inverse simulation,
one means the determination of the control actions needed for
assigned flight paths. An agility rating is awarded to a model
on the basis of the values assumed by a quadratic performance
function of state and control variables over all of the maneu-
vers relevant to the helicopter’s role. The inverse method uses
a differential approach, the starting point for which is the eval-
uation of the velocities and accelerations along the assigned
flight path.

The present study is an analysis of the airframe agility as
an inverse simulation problem that is solved by a local opti-
mization technique.” Following the findings of Refs. 3 and 4,
this approach uses concepts from the differential geometry to
set an analytical framework for the derivation of agility param-
eters that are expressed in terms of trajectory-related variables.
An advantage of using a local optimization method is the pos-
sibility of determining the control laws for a flight path where
a component of the agility in the Frenet frame is maximized
and suitable constraints can be enforced. The constraints, com-
patible with the aircraft model, may be imposed either on the
other agility components or on the kinematic parameters of the
flight path. Furthermore, because particular maneuvers have
been suggested for evaluating some maximum performances
of an aircraft, the proposed way for solving the corresponding
inverse problem leads to the determination of the attained agil-
ity values.

We take advantage of the rigorous definition of the short-
term agility as the time derivative of the acceleration vector.*
This peculiar metric, based on the instantaneous characteristics
of the c.g. motion, is best expressed in terms of the evolution
of the natural coordinates of the c.g. along the trajectory and
appears very suitable when dealing with the appreciation of
the short-time maneuvering performances of an aircraft. Be-
cause the transient agility is basically related to defined con-
figurational parameters of the vehicle and is independent of
any pilot influence, the proposed approach is more focused on
the analysis of design parameters in terms of maximum per-
formances rather than on the selection of test maneuvers for
actual flight or a piloted simulation.

Our purpose is to show how the short-term metrics and the
use of a solution method of inverse problems can lead to the
determination of the maximum attainable agility components
of an airplane and, at the same time, to the calculation of the
related time histories of the state variables and the correspond-
ing control actions. In particular, once a vector of constrained
outputs is given, the difference between the number n of the
control variables and the m assigned outputs, being in any case
n = m, is termed the degree of redundancy, whereas the sit-
uation n = m is referred to as a nominal problem. A nonzero
degree of redundancy allows for a suitable cost function to be
introduced in such a way that either the variations of the agility
vector components can follow a desired path or the maximum

value of one of the components can be reached. Furthermore,
the limitations on the control deflections can be implemented
by enforcing inequality constraints.

As compared to agility research, where test trajectories are
generated by global optimization,” the proposed technique pro-
vides a computationally fast solution, whereas both trajectory
and attitude dynamics are incorporated in the aircraft model.
Also, the inverse simulation algorithm appears to be more flex-
ible in comparison to the differential method adopted in Ref.
6. In fact, the differential technique applies to nominal prob-
lems only, where the complete specification of the flight path
as a function of time is required. More importantly, by local
optimization the resulting motion can be given certain prop-
erties that are directly characterized in terms of flight-path-
related parameters, as in the case of the agility components.

A brief presentation of the analytical and numerical method
that will be applied is given and the model of the F-16 fighter
aircraft used in the calculations is recalled. A few applications
concerning the evaluation of tangential, normal, and torsional
agility are then presented and analyzed.

Analysis

We begin this section by recalling the development of the
agility metric defined earlier. Following the differential ge-
ometry approach® we refer to the Frenet or intrinsic frame F,
which has unit vectors ¢ = dR/ds along the tangent to the
trajectory, positive in the flight direction; n = (dt/ds)/|d¢/ds]|
along the instantaneous radius of curvature, positive toward
the center of curvature; and b = ¢ /\ n along the binormal. The
agility vector, defined as the rate of change of the maneuver
state, is A = dR/dt, where the acceleration R can be expressed
in the familiar form R = §t + s%n, k, being the curvature of
the trajectory. When the so-called Frenet Formulae® are used

dt d db
= = ks, d—';:—kls't+k2s'b, —= —kasn (1)

where k- is the torsion defined as the rate of change of the
osculating plane about ¢, the components of A in the intrinsic
frame are written

V= Vi
A=@A,A,A) =|3VVk + V%, )
Vk ik,

where A,, A,, and A, are, respectively, the axial, curvature, and
torsion agility, and V = s is the velocity modulus. As an ob-
servation, the torsion is zero for a planar flight path and, for
a constant value of k, and k,, the flight trajectory is a cylin-
drical helix.

The six-degree-of-freedom model of the F-16 fighter aircraft
reported in Ref. 9 includes the engine dynamics, where the
thrust response is modeled as a first-order lag and the lag time
constant is a function of the actual and commanded power
levels. The nonlinear set of governing equations formulated in
the body-fixed reference frame Fj for flat-Earth and zero am-
bient wind is standard and written in the concise form

X = f(x, u), x(t=0)=x, 3)
where the subscript e indicates steady-state conditions. The 11
elements of the state vector x = (v, ®, &, 0, U, A, BTC)T are the
components of the linear and angular velocity vectors v and
o; the Euler angles ¢, 0, and {s; the altitude % in the inertial
frame; and the actual power level 3,.. The control vector u €
R*is u = (8, 84, O, 87", where the elements are elevator,
aileron, and rudder angles, and throttle position, respectively.

The nonlinear aerodynamic model uses tabulated data of
force and moment coefficients as functions of the aerodynamic
angles o and 3 and of the control angles. The effects of the
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F-16 leading-edge flap on the aerodynamic coefficients are in-
corporated in the data, whereas the flap actuator dynamics are
neglected. The model applies in the subsonic range, for —10
deg = o = 45 deg and —30 = B = 30 deg. The speed brake
of the aircraft is modeled by considering additional terms, de-
pending on o and expressed as in Ref. 10, for the force and
moment coefficients.
Finally, for the output vectory € R, we write

y =8k, u) 4)

When the agility components are determined as output varia-
bles by Eq. (2), we have V = |v|, and the curvature and torsion
are conveniently expressed as functions of the components in
Fp of the velocity, the inertial acceleration a, and its time de-
rivative @ as follows™:

ki = (1/V3)(|af = V32 (5)
det{v, a, d}

ky= ——=——5 6

VAl - V) ©)

where, as usual, @ = v + ®@v andd =V + v + 26V +
DdOV.

The inverse simulation problem is solved by a local opti-
mization technique.” We assume u to be a step-constant func-
tion u(t) = u;, t,_, <t = t;, so that Eq. (3) can be numerically
solved, once x;_, is known, as follows:

X; = F(xj— 15 uj) 7
Therefore, Eq. (4) is recast in the form
Y =8glF(x; 1, up), u)l = h(x; ., uy) (8)

The inverse problem is solved when the discretized input uf
is determined at each time step, for an assigned output y;, as
the inverse of the implicit function

¥y =h(x,_ ., uf) 9

In the redundant case which, in this study, occurs when the
number of given outputs is less than four, the constrained op-
timization problem represented by the minimization of the per-
formance index S(x;_,, u;) subjected to Eq. (9) is solved by a
sequential quadratic programming (SQP) algorithm. S is a sca-
lar, positive-semidefinite function. S = 0 when the problem is
nominal (m = 4) and the resulting solution simply satisfies the
constraints given by Eq. (9). Further details on the preceding
method, including the SQP procedure that consists of solving
a quadratic programming subproblem and of updating a Hes-
sian matrix, are reported in Ref. 7.

Results

In the following text a number of situations were considered
to demonstrate the practicality of adopting the inverse simu-
lation technique in aircraft agility evaluation. The three com-
ponents of A, in order, are considered and calculated in sub-
sonic flight conditions.

The tangential agility, at decreasing speed, is first dealt with
according to three different approaches. Two of these ap-
proaches correspond to assuming that A,  is calculated while
keeping A, and A, both exactly zero, i.e., for curvature and
torsion of the trajectory both vanishing. The third case corre-
sponds to the evaluation of A, while A, = 0.

In this respect, the preceding procedure was intended to an-
alyze situations where the number of factors affecting the air-
craft performances was kept to a minimum, even though keep-
ing A, and A, constantly equal to zero would be difficult in an

actual maneuver. However, from the simple form of Eq. (2)
we observe that when axial agility maneuvers involving air-
craft deceleration are taken into consideration, any curvature
of the trajectory acts to further decrease the negative value of
A,. This effect may be relevant as will be seen.

A case is carried out that is thought to be particularly sig-
nificant because it demonstrates how our results on A, are re-
lated to those in Ref. 1, where flight simulations were per-
formed and a different agility metric was considered. The flight
is in the symmetry plane, i.e., k, is identically equal to zero,
and h is constant. The speed is increased from an initial
trimmed state by reaching the maximum throttle value, an as-
signed test speed is attained, the thrust is abruptly decreased
to zero, and the speed brakes can be extended. This inverse
problem is nominal because we assign k; = 0, and the only
unknown is 8. For this case, Fig. 1 reports the time histories
of some meaningful quantities, namely the agilities A, and A,,,
the states V and «, the control actions &, and &, and the actual
thrust level 87,. Figures 2 and 3 show the values of A, , which
are obtained following the indicated flight procedure, as func-
tions of the assigned test Mach number M, of the altitude,
and of the brake action. Note in Fig. 1 the time lag and the
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Fig. 1 Time histories for assigned & ,(t), k, = 0. Speed brake not
deflected, M, = 0.6, h = 0.
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Fig. 2 A, and AP /At vs M, at two altitudes; k, = 0. Speed
brake not deflected.
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Fig. 3 A, and AP /At vs M, at two altitudes; k, = 0. Speed
brake deflected.
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effect of the afterbumer ignition on A, that takes place at t =
4 s.

At sea level and for 2~ = 5000 m, the obtained tangential
agility vs M, is shown in Fig. 2, when the speed brake is
retracted. According to Ref. 1, the power-loss parameter AP/
At is defined as the increment of specific excess power in
going from a maximum power/minimum drag condition to a
minimum power/maximum drag condition divided by the time
necessary to complete the transition. This parameter can be
chosen as a different and practical agility metric. The time
difference Ar is between the instant when the minimum de-
celeration occurs and the time when the value of M, is ob-
tained.

According to our computations at sea level and for M, rang-
ing from 0.4 to 0.8, At changes between 6.78 and 4.40 s,
respectively. For & = 5000 m, the time increments Af are of
the order of 10% greater with respect to the values at 7 = 0
and at the same M. Figure 2 also shows the power-loss pa-
rameter and it can be immediately verified that the two sets of
curves give comparable results only at higher M. This can be
realized because APg/At evaluates the rate of change of the
maneuver state over the entire time length to perform the pre-
scribed task. On the other hand, the definition of A, leads to
the calculation of the maximum instantaneously achieved
value.

Figure 3 shows the corresponding results when the action
of the speed brake is present. Apparently, the braking force
has no influence at all on A,w, whereas a slight effect is felt
on APg/At. This is because as the thrust is abruptly brought
to zero, the speed brake takes some time to become effective.
Furthermore, to keep the altitude constant and to compensate
for the longitudinal moment, the angle of attack is decreased
and the induced drag, which is significant at low speed, is
reduced. On a short initial time interval these considerations
explain why in this case the tangential agility shows very little
changes with respect to the brakeless case. Substantially dif-
ferent results may be envisaged by properly timing the com-
bined actions of thrust and speed brake. The small but observ-

able effects on the power-loss parameter of the action of the
brake can be explained after the meaning of APg/At as a global
definition of agility over an entire maneuver is taken into con-
sideration.

In the second application of an inverse simulation, a func-
tional law is assigned to A,(?) in the form A, _=A, [l — cos
b(t — tx)]/2, to = t = to + 2m/b, and the maximum value of
A, effectively realized by the aircraft model is determined by
varying the frequency b in the range of obtainable aircraft
maneuvers. In other words, this heuristic approach consists of
forcing the aircraft, at a constant altitude and in the symmetry
plane, to execute limit maneuvers to verify its possibilities in
terms of A,, when A, is zero. In this case the unknown quan-
tities are the control actions 8, and 8,, and the constraints are
ky = 0 and V = V() as obtained through Eq. (2) and the as-
sumed A, law. This inverse problem is nominal and the results
depend on A. For h = 0, the main results are shown in Figs. 4
and 5. In particular, Fig. 4 shows how the values of b have
varied and how the corresponding changes of A, and A, ,
for an initial Mach number M., are equal to 0.6. -

For b larger than 10 s~', the maximum axial agility presents
a negligible reduction, and this indicates that the maximum
performance for the considered sample maneuver has been
identified, i.e., A,m = —1.9 m s> Note also the much higher
modulus of A,, in Fig. 3 at M, = 0.6. In this respect it is
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shown that in the former situation the peak performances are
maximized and the reported value of A,  is realized after a
step-throttle reduction is conducted. In the actual case, we are
reasoning in terms of sustained performances because given
levels of axial acceleration are to be maintained for a minimum
of a few seconds.

For b = 7.85 s ', Fig. 5 reports the final optimal solutions
as far as the state variables, the relative control actions, and
the tangential and normal agility components are concerned.
Note that A, is vanishing. Note also that the maximum values
of A, in this case are much less than those obtained in the
preceding situation that are reported in Fig. 3. The problem,
however, raises some interest because it shows the capability
of determining the control actions when the agility law itself
is imposed.

After relaxing the conditions for a rectilinear flight path, the
same maneuver of the first case was dealt with as a redundant
problem. After attaining M, the condition of vanishing cur-
vature is no longer imposed and the cost function § = 10%/A;
4+ 107°A2 + 10e '°"" is assigned with the objective of max-
imizing the local value of A, as realized along the trajectory
and not allowing A, to assume too high a value. The third term
in the preceding expression of S is intended to force the aircraft

A A, A, (ms3)
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Fig. 10 Agility components vs ¢ in a maximum performance
turn; A, = 0, h = 0, Y maximized.
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Fig. 11 Time histories for a maximum performance turn; A, =
0, 2 = 0, ¥ maximized.
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to pitch up during the deceleration. As expected, because k; is
no longer constrained to zero, the results of Figs. 6 and 7 show
that the value of the tangential agility is greatly increased when
compared to the data reported in Fig. 1. Note also the high
value of A, at the end of the simulation caused by the abrupt
variation of the elevator angle for trimming the aircraft at a
high angle of attack.

We proceed to the case of searching for the maximum of A,,
according to the commonly accepted maneuver of Ref. 4. This
maneuver corresponds to a maximum performance turn at con-
stant 7 = 0 so that A, = 0. We start from trimmed rectilinear
flight conditions at the corner velocity V. = 155.5 ms™', then
the thrust is increased to its maximum, the speed and the al-
titude are kept constant, and A, and A, are calculated along the
turn. The unknowns are 8,4, 8z, and 8% and the inverse problem
has one degree of redundancy. Following the procedure of lo-
cal optimization to solve these kind of problems, a penalty
function is assumed to maximize the rate of change of the
heading angle { as the aircraft turns at an increasing load
factor. The results concerning the agility components and the
time histories of the relevant state and control variables are
reported in Figs. 8 and 9, respectively. These results can then
be compared with those in Figs. 10 and 11, which were ob-
tained at a speed by imposing that was not constant and where

the turn is executed at A, = 0, A, = 0, while still keeping locally
maximum . Here one should observe that the maximum A,
values are greater when the value of A, is not constrained to
be zero. Note in Fig. 10 that the constraint A, = 0 could not
be satisfied at t = 2.1 s because of the delay in the ignition
of the afterburner.

A turn-reversal maneuver was carried out on our model
aircraft as a final application for the evaluation of the torsional
agility characteristics. The initial state was a sustained turn
at the maximum installed thrust with afterburning at the corner
speed and an initial angular velocity of w, = 21 deg s '. A
law for the roll angle was assigned, & = &, cos[w(t — t,)/T],
with ¢, = 80.3 deg and T = 2.25 s. The problem is
doubly redundant because the unknown control actions were
Os, 04, and Ok, and it was proposed that (o — ®,)’ be
kept to a minimum along the trajectory. The results are
shown in Figs. 12 and 13 and one can observe that the aircraft
keeps an almost constant altitude during this maneuver, pre-
senting extremely high values of the torsional and normal agil-
ities.

Conclusions

In this paper we adopted the agility metric based on the
definition of A as the derivative of the acceleration vector. This
may be considered a choice that depends on the specific pur-
pose for which the evaluation of this parameter is needed.
Other proposals were presented to tailor the agility metric
definition according to the practical situations where the flight
qualities of an aircraft are to be evaluated. However, it is the
authors’ opinion that the present work follows a rigorous ap-
proach that is founded on the differential geometry of the
aircraft flight trajectories. The problem of determining the agil-
ity characteristics of an airplane is dealt with as an inverse
problem either from the point of view of the numerical sim-
ulation or for envisaging pertinent flight tests. In most of the
reported applications, our principal concern was to consider
maneuvers where one component of the agility vector either
greatly prevails on the other two or can possibly be determined
alone.

A specific conclusion from the applications in this work
is that the constraints of keeping two components of A equal
to zero lead to the evaluation of smaller maximum values
of a third component in the case where these constraints are
relaxed. However, this should be interpreted as a way to
provide reference conditions for comparing aircraft perfor-
mances.

A second conclusion is that the method recovers results ob-
tained via different metrics and interprets them in a more gen-
eral framework. The procedure can be extended to long-time
maneuvers where a sequence of specific tasks is performed to
appreciate the overall agility characteristics of a high-perfor-
mance aircraft. As a simple example of one of these tasks the
turn-reversal maneuver was discussed.
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